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(Received 14 August 2004; published 11 May 2005)0031-9007=Effects of disorder are examined in itinerant systems close to quantum critical points. We argue that
spin fluctuations due to the long-range part of the RKKY interactions generically induce non-Ohmic
dissipation due to rare disorder configurations. This dissipative mechanism is found to destabilize
quantum Griffiths phase behavior in itinerant systems with arbitrary symmetry of the order parameter,
leading to the formation of a ‘‘cluster glass’’ phase preceding uniform ordering.












FIG. 1 (color online). Phase diagram of an itinerant system
with disorder, close to the clean QCP. Shown are the clean
critical line (dotted green), and that in the presence of disorder
if non-Ohmic dissipation is ignored (dashed blue line). In this
case, a Griffiths phase emerges close to the magnetically ordered
phase, for < 1 (purple). When dissipation is present, suffi-
ciently large droplets freeze already for < 2, leading to the
formation of the cluster glass phase (shaded region), preceding
the uniform ordering.The effects of quenched disorder seem to be especially
important near quantum phase transitions and lead to new
classes of phenomena dominated by rare disorder configu-
rations. At present, this behavior is rather well understood
in insulating disordered magnets, leading to features such
as the infinite randomness fixed point and the associated
quantum Griffiths phase anomalies [1–9]. Quantum criti-
cal regions, though, are much easier to access in itinerant
systems such as heavy fermion materials, where quantum
fluctuations can be tuned by adjusting the Fermi energy of
the charge carriers.
In many of these systems, behavior reminiscent of the
quantum Griffiths phases seems to arise, triggering much
theoretical debate. One early interpretation concentrated
on the interplay of disorder and the Kondo effect far from
any magnetic ordering, leading to the ‘‘electronic Griffiths
phase’’ [10]. Another scenario assumed that the phenome-
non relates to rare regions close to magnetic ordering [11],
similar to those in insulating magnets. However, in more
recent work [12], Landau damping was argued to suppress
the Griffiths singularities at low temperatures, shedding
some doubt on this mechanism for metallic systems. In a
remarkable Letter [13], Thomas Vojta discussed this
mechanism on general symmetry grounds, and demon-
strated that in the Ising case dissipation leads to a funda-
mental modification of the quantum critical point (QCP).
Subsequent work [14] suggested that the same mechanism
does not apply for other symmetry classes such as
Heisenberg magnets, where the standard QCP scenario is
argued to hold, preceded by a conventional Griffiths phase.
All these works concentrated on the dynamics of a single
droplet (rare region) in an Ohmic dissipative environment.
In this Letter we argue that this physical picture is incom-
plete. In itinerant systems, magnetic moments—classical
or quantum—are known [12,15] to interact through long-
ranged RKKY interactions. As a result, even the dynamics
of spatially distant droplets cannot be considered as inde-
pendent. The dynamics of any droplet is therefore affected
not only by dissipation due to the conduction electrons, but
also by spin fluctuations due to RKKY interactions with
many other droplets. This effect is especially important in05=94(18)=187203(4)$23.00 18720the Griffiths phases where droplets are characterized by
power-law distributions of local energy scales, with a
tunable exponent d=z0. We will present a self-consistent
theory describing the dynamics of interacting droplets,
within which (1) dissipation produced by such spin fluctu-
ations can acquire a more singular non-Ohmic form which
can adversely affect the dynamics for all symmetry classes;
(2) any Griffiths phase is destabilized by this mechanism,
leading to the generic formation of a cluster glass phase
preceding any uniform ordering (Fig. 1), thus introducing a
fundamental modification of the conventional QCP
scenario.
Model of interacting droplets.—We concentrate on the
same regime as explored in Ref. [14], and examine a
weakly disordered itinerant antiferromagnet near a QCP.3-1  2005 The American Physical Society
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Ginzburg-Wilson description, the distance to the QCP is
measured by the coupling constant r. When disorder is
present, exponentially rare regions (droplets) can arise
which are nearly magnetically ordered. Within the ith
droplet of size Li, the local value of the (bare) coupling
constant is assumed to be ri  0, while outside the drop-
lets (the ‘‘bulk’’) we have a weakly correlated metal (ro 
0. As discussed in Ref. [14], if the interactions between
the droplets are ignored, then the dynamics of each droplet
is determined only by its size. After appropriate coarse-















Here, i is an N-component (N > 1) order parameter field
describing the ith droplet, and i is the coarse-grained
two-point vertex whose Fourier transform is
i!n  ri 
 j!nj: (2)
The local bare coupling constant of each droplet ri 
rLi
d reflects its size (here r < 0 is the coupling constant
of the clean magnet). Large droplets are exponentially rare
(probability PLi  expf	Lidg), correspondingly,
Pri  expf	ri=rg where  is the volume fraction of
magnetic droplets. Now, each droplet maps onto a one-
dimensional classical Heisenberg chain with 1=2 interac-
tions and the corresponding energy gap "i  expfri=ug
[13,14]. The resulting distribution function P"i  "	1i
giving rise to the standard Griffiths phase behavior. The
‘‘Griffiths exponent’’   d=z0 is a nonuniversal function
of parameters, which is expected [14] to decrease as the
magnetic ordering is approached; for < 1, the average
susceptibility  T1	 diverges as T ! 0.
In contrast to the situation of Ref. [14], when a finite
concentration of droplets is present, they will interact. The
action describing the droplet-droplet interaction can be
obtained by formally integrating over the order parameter
fluctuations of the bulk separating the droplets. Since in
this region the spin fluctuations are only weakly correlated
(ro  0), we can formally integrate out the bulk degrees of








where Rij  Li; Lj is the distance between droplets i and
j. The interaction kernel 0Rij; 	 0 is, in fact, nothing
but the nonlocal susceptibility of the weakly correlated
bulk and as such can be accurately obtained from standard
Fermi liquid considerations (see, e.g., [15]). Its detailed
form is complicated and model dependent, but for our
problem only its long-distance and low frequency compo-18720nents are of importance, since the droplets are spatially
distant and display slow dynamics. We can thus safely
ignore its frequency dependence and consider only its







In a disordered metal, impurity scattering introduces
random phase fluctuations in the usual periodic oscillations
of the RKKY interaction, which, however, retains its
power-law form (although its average value decays expo-
nentially [15,17]). Hence, such an interaction acquires a
random amplitude Jij of zero mean and variance hJ2iji  J
2
[15,17].
Field theory of interacting droplets.—Because of the
long-ranged interactions, one needs to describe the collec-
tive dynamics of the entire set of such droplets. We thus




















where a; b  1; . . . ; nn ! 0 are the replica indices. We
then introduce collective Q fields by decoupling Sij
through a Hubbard-Stratonovich transformation to write



































Saddle point theory.—Since the droplets are exponen-
tially rare, their interactions are also very small. To de-
scribe the leading order corrections it is sufficient to
evaluate the Q fields at the saddle point level and the










with the ‘‘cavity field’’ ab!n satisfying the following
self-consistency condition3-2
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where the expectation value is evaluated with respect to the
local effective action Slocri; i  Sdropri; i 

SMCi;. If all the droplets were the same, this set of
equations would be identical to those describing a metallic
quantum spin glass [18]. For sufficiently large J, this
would lead to a conventional quantum critical point, where
spin-glass ordering would set in at T  0. A crucial new
feature in our model is a broad power-law distribution
P"  "	1 of local energy scales characterizing the
droplets in a Griffiths phase, which produces non-Fermi
liquid behavior for < 1. We will see, however, that al-
ready for < 2, qualitatively new dynamics emerge, com-
pletely changing the critical behavior of the model.
Instability of the Griffiths phase.—For well-separated
droplets, the average interaction strength is very small. If
we could ignore the fluctuations in the droplet sizes, the
system would be far from any ordering. We thus concen-
trate on the paramagnetic phase of our model, where
hai !n
b
i !nii  abloc"i;!n. Since the droplet
sizes (i.e., their local energy scales "i) are independent of
their position, we find
ab!n  egabloc!n  egb Z d"iP"iloc"i; !n;
(11)




	2d  nJ2, where n is the density of droplets
per unit volume.
The ‘‘memory kernel’’ loc!n describes additional
dissipation caused by spin fluctuations resulting from
long-ranged RKKY interactions between the droplets. Its
quantitative form is obtained by self-consistently solving
the dynamics of each droplet in such a dissipative bath and
then carrying out the appropriate averaging procedure. In
this Letter, however, we limit our attention to demonstrat-
ing the instability of the Griffiths phase with respect to
adding the RKKY interactions. To do this, begin with eg 
0 and imagine turning on infinitesimal RKKY interactions.
To leading order, we replace
loceg;!n  loc0; !n  Z d"i"	1i "i 
 j!nj	1
 loc0 	 ~%j!nj1	"0 
Oj!nj; (12)
where the "o  2	  and ~% is a constant. Note that the
dissipation acquires a non-Ohmic form for < 2. As
anticipated in Ref. [13], such non-Ohmic dissipation im-
mediately changes the dynamics of the droplets. For "0 >
0, the Heisenberg chain [19] that represents the droplet
dynamics (whose interactions decay with a power slower
than r	2) finds itself above its lower critical dimension.
Accordingly, sufficiently large droplets (L > Lc"0)18720‘‘freeze’’, i.e., behave as classical (superparamagnetic)
objects.
Cluster glass phase.—As soon as some of the droplets
freeze, they immediately order at a finite (albeit exponen-
tially low) temperature, forming a cluster glass phase. To
estimate the ordering temperature, we first need to deter-
mine the critical droplet size, given the anomalous dissi-
pation exponent "0. For small values of "0, the
corresponding critical exponents have been calculated
[19] using an "-expansion approach. Here, we only need
the ‘‘transition temperature’’ of the equivalent Heisenberg
chain. This task is adequately accomplished using the
large-N approach. The corresponding T  0 self-
consistency condition for the critical coupling constant










where %  ~g ~% . Note that for "0 ! 0 or % ! 0, the inte-
gral diverges in the infrared, indicating that ri;c ! 	1,
i.e., that Li;c ! 
1. For "0 > 0, however, the term
%!1	"o introduces a soft cutoff regularizing the integral.







The resulting concentration of frozen droplets is nfr"0 
expf	ri;c"0=rg. These frozen droplets produce a super-
paramagnetic contribution to the average susceptibility,
proportional to their concentration fr  nfr"0=T: The
ordering temperature can be estimated with arguments
similar to those of Ref. [13]. Since the RKKY interaction
falls off as JRij  R	dij [20], where the typical distance
between droplets is Rij  nfr"0	1=d, we obtain a simple
exponential [21] dependence of Tc on the dissipation ex-
ponent "0








Within our model, the fraction of frozen droplets which
magnetically order vanishes at a finite value of the coupling
constant, producing a sharp phase transition from a quan-
tum paramagnet to a cluster glass phase. In contrast to the
infinite randomness fixed point (IRFP) scenario [2,7,9],
this transition does not have any percolationlike features.
In the itinerant case we consider, even very distant droplets
will order as soon as they freeze, because they interact
through long-ranged RKKY interactions. In this case, per-
colation processes [7,9] associated with the IRFP scenario
are not possible, suggesting that our phase transition is
qualitatively different from those discussed in previous
work.
We conclude that the standard QCP scenario is thus
qualitatively modified by the dissipative effects, since an
intermediate cluster glass phase generically emerges be-3-3
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dered phase in itinerant systems. Our conclusions also
apply to models with arbitrary symmetry of the order
parameter, since they all find themselves effectively above
their lower critical dimension [13] due to the presence of
non-Ohmic dissipation.
We emphasize that finite temperature ordering emerges
over the entire region (  d=z0 < 1) where the Griffiths
anomalies arise in the absence of RKKY interactions (see
Fig. 1). Finite temperature ordering persists even further
(until   d=z0  2), but not all the way to the clean
model critical point (corresponding to   d=z0 ! 
1
according to the large-N estimates of Ref. [14]). Of course,
since the droplets are dilute, the magnitude of the non-
Ohmic dissipation produced by the RKKY interactions is
expected to be considerably smaller than the Ohmic one,
due to Landau damping. Thus, the effects of non-Ohmic
dissipation should be seen only at fairly low temperatures
T < T !  expf	 ln1=%="0g, while the Griffiths
phase behavior predicted by Ref. [14] should be observable
in a broad interval above this temperature. Note that for
u > jrj [see Eq. (15)], Tc  T for "0  1, so there
exists an appreciable temperature window where the super-
paramagnetic contribution fr  1=T of frozen droplets
should be observable. Otherwise Tc  T, and the Vojta-
Schmalian Griffiths phase should emerge immediately
above the ordering temperature. This scenario, valid for
models with continuous symmetry of the order parameter,
should be contrasted to that expected for the Ising univer-
sality class. In that special case, much stronger Ohmic
dissipation is sufficient to suppress the low temperature
Griffiths anomalies. For the Ising case, the existence of an
intermediate temperature range where they would still be
observable [11] remains the subject of some controversy
[22].
In summary, we have established that the long-ranged
part of the RKKY interaction between the droplets repre-
sents a singular perturbation within the Griffiths phases.
Even when treated to leading order, the RKKY interactions
qualitatively modify the droplet dynamics, leading to drop-
let freezing and suppression of conventional quantum criti-
cal behavior. Our arguments strongly suggest that the
intervening cluster glass phase arises as a generic phe-
nomenon [23] for itinerant systems with disorder. This
mechanism is, however, specific to those quantum critical
points associated with spontaneous symmetry breaking of
a static order parameter. It would be very interesting to
investigate if similar scenarios apply for other quantum
critical points, such as the disorder-driven metal-insulator
transition [24] and the associated electronic Griffiths
phases [10,24]. This fascinating direction remains a chal-
lenge for future work.
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